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Linear regression
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Linear model = @Ty = [94 ]{-7&1
on = T

Y =0p 4+ 01X1 + O2Xo + - - - + O X,
In this equation,

f/ is the predicted value (for true y)
. n is the number of features, (y;pwto’?( Sa0ls

- X; is the i-th feature value
- 0 is the j-th model parameter
‘including the bias term 6, and the feature weights 61,6, ..., 6,

—
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Linear regression

This can be written much more concisely using a vectorized form,

V=00 + 01X1 + O2Xo + - -+ + Op X (2)
=0'x 3)
= b > ode| — eutput
In this equation, A gr

@ is the model’s parameter vector, con%ing the bias term 6,

and the feature weights 6, to 6,

-@is the instance’s feature vector, containing x, to x, always

equal to 1 i
qual Thput 1 s
- 0 -xis the dot product of the vectors 6 and x, which is of course
equal to Ogxg + O1X1 + - - - + Onx,
JOR0 T AL T T n A
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Linear regression
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Figure 1: Linear regression: training dataset
Generating training dataset
y= 90 + 91X (4)

Y = 60y + 01X + e where e ~ N(0, %) (5) 3



Cost function
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That’s the linear regression model - but how do wé train it?
AT

Recall that training a model means setting its parameters so that the
model best(fitythe training set.
oA I TSN

We first need a measure of(or poorly) the mode@he
training data. TN 20U Crole € ®,, 6.,

The most common performance measure of a regression model is
the Root Mean Square Error (RMSE).

i=1

RMSE(X, 6) J ;i (y(' —0'x 0) 6)
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Cost function

resresSion prodgman LG9S measure, error (ndex

Cost Cimetton.
We need to find the value of 8 that minimizes the RMSE. In practice,
it is simpler to minimize the sum of squared error (SSE) than the MSE
or the RMSE.

LS eoe)

=1

(v - gTX<f>>2 (8)
é‘um o é s érr‘ur’ m
> argnngSng,G{ﬁ)M) — argmin ) (y0 L grxm)@
® T Ao an T
(%4.8) 2
et

arg min RMSE(X, 0) = arg min

V-

= argmin MSE(X,0) = argmin
1

)
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Design matrix (regressor matrix, model matrix, data matrix)

- &3 H|0|E{(sample, example)O| m7H{
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- feature vector x2| Xt2l0| n! l,

- m7i2| sample& row vector2 St design matrix X £ ZEA|
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65 = Arg.man SSE(®)
&

@) Normal equation < direct Slution
closed  Form-

T A2 ~
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Geometric approach
[ e

Design matrix X 2| 2t A2 %2t 5t _ c
— 20 GE

O 2% 9z,

o
01

Sl:}g: 1 Xl e Xn . (15)
N—  Ano on

(16)

= 001 +01X1 +92X2 -+ +9nxn

x, 0] MAMS}H= hyperplane, L&_j}jé}i{laxh X}

§1 yE X1,X2, ",
ool ExHet

W/
Residual EE= errore| 37 E A4S H? g2
| 3271 |ly — 3] & =238 5HA -r_l lj 234k
S

hyperplane®} error y — y 7+ A2 ==l (orthogonal)3i o5t
LA
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Geometric approach

(Residual = errore| A7 |y — ¥l

E x4 3} 5t H? 99
hyperplaned} errory — 37t M2 $=Z

(orthogonal)sfof&t

=, 2 E column vectoroi] CHaHA Y
AN AAA——
0 <= Y 1 ey
e L A ) . 5 (17)
(g%}
4
ol Meisot & i
X m7ie] sampledi] CHEHA] é:l Leon
v-§

X'(y—X60) =0 :> xTxa 6/&)x

(18)
‘Z(XTX) X'y & horm normal eustion. (19)

B ted'ly &> B =0rsrinSSEC)

9/21



Geometric approach

\/>\/: X(@ & SPO’)’) f)ff,yl"‘b’(hj
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Figure 2: Normal equation: geometric interpretation
Normal equation
6= X"X)"'XTy (20)
Projection matrix

¥ =X6 =X(X'X)"'X"y 21

10/21



vin Y79 € (y-HL o]




Analytic approach

Sum of squared error (SSE)

SSE = Z(y“) —y)2 (22)
=1
=ly-3P=G-9)'-9 (23)
T N—

Usingy = X80

SSE(0) =y'y — 2y'X0 + (X0)'(X0) = y'y — 2y'X0 + 0'X'X0 (24)

OSSE6) _ 2(X'X0 — Xy) = 0 @ X'X6 = Xy (25)
00 W~

Hence, we have ;

6= X'X)"' Xy ormal ewﬂm (26)
¥y =X(X'X) X'y (27)
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Closed from solution
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Computational complexity

Normal equation2| 7| At
- Normal equation0i| 2|t 0| &X]| y
¥ = X(X'X)" X"y (28)
- X e RMxN
. )(T)( c RNxn

- (XTX)7L o] AHlA BEE = 0(n?4) ~ 0(n?)
- Feature =8| Sf M|XM|Z 2 Z A4t A|ZHO| BT}
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Gradient descent
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Batch gradient descent

Linear regression model y = X6
J(8) = SSE( ) = lly — X8| (29)

Val(6) 0)

8%11(0) 250, (') EGTX(I y(i)g
voi) = | 7© 23 1) (07x) — y O .
%)(0) 23, Xy (OTX(: y(i>>
Gradient descent step
0" = 9' — Ve)(") o)

where iteration number t and @ arbitrary initial value
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Batch gradient descent

Batch gradient descentO| A{
0
—J(6) = 2X" (X6 — 33
5(0) = 2X(X6 ) (3)

0'x(1) — y(
0'x(2) —
:2[ <0 x@ ... xz(m)} _ (34)

O'x(M — y(m)
=2) x0 <9TX<:> _ yo)) (35)
i=1
J2{2Z 0| gradient vector2| jHHR| component=

9 1001 — 9N~ 0 (gTx() _ )
6791'1(49)_22&. (ex —y ) (36)
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Batch gradient descent
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Batch gradient descent: computational complexity
(Batch)gradient descent algorithm

- Of AE{OtCt batch MA|Of| CHEE AlAF EH
— I O N
- Hlo[E{Al0] HR|H SE=7t “eiF

T

- Normal equation: feature =0 [L}2} A|At =T X|FHO 2
L&

- Gradient descent: feature =7} s0{ = 3AH HSIX| &2

[ =1

Learning rate

- Hyperparameter@l st&E(learning rate) n7t L2 &2 4
AlZto| @ef Z2l

R 2 F AMNE AL HE &x| RE

-

2 0l
= T )&l =
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Learning schedule

- Constant learning rate
- EE 01,0.0182E A|Z510{ 02| 7}X| ZILE Al 20 HRE

=
&5 Lt

- Time-based decay l \@ )

_ o %5
Ty R

no 1 BHSE =73k, k: hyperparameter, t : iteration

Stepdecay = 2%, wojtny TLAROE [ epoch
- M5l El epochOlct 588 £0|= 2y
- 0fl: 5 epochOjc} Bt2 2, 20 epochOfC} 1/10 2
- Epoch: 28 H|O|E{M MX|E 25 AFR2E ) = 5t epoch
- Exponential decay
prE e

n=mnoe " (38)
k: hyperparameter, t : iteration

o

58 =714,

No -

18/21



W&L
%;;,,}
\\(\(
-
bwzﬁ /
hch /
O
- OO
@/ 14
0
O
/ O
00 g
5
"
—
I
‘n
k“b
n
£
c
n
{
0
0
0
>/
4

=
ep
2



Stochastic gradient descent

For our linear regression model y = 8'x

() = 55E0) =Y (y0 - 0x") =Y "s0) @9

i=1
9+l = 6t — 2 ((ef) X0 —y )0 (40)
>

- 222 MENSE SF 02| sampled]| CHal A 2t gradientE H|AHSHO]
S N A > - ==
parameter& update

3

- sequential learning or online learning

- 2 Ho|BAl S XME|st=H Fel

. MEEts Alzle] REIHoz 2XLl0| BFE
+ BGDO 81 local optimumfiAf &7 XIS = IS
- F| Al 0| ZESHX|OF K| EBEOoE

J)BGDL} OFRt7LXK| 2 global optimumoO|2t= EHZHo| gl

19/21



p=@x g-p - (0@~ 80

W= 0'R @) X\ %20

AR ™ TSS

9= 0 L4

C@\: @(X(\: (@“{’X/()Tyr 2 @TX('






Mini-batch gradient descent
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- 0]l 100,0007§ 2] Ef|0[E{ = (mini-batch size 100) x (1,000 mini-batches)
- Batch gradient descent2} stochastic gradient descent(SGD)2| M=

- SGDECH 2725t 2=|Qlo| L&t
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Linear regression comparison

Table 4-1. Comparison of algorithms for Linear Regression

Algorithm Largem Out-of-core support Largen Hyperparams Scaling required Scikit-Learn

Normal Equation  Fast No Sow 0 No n/a

SVD Fast No Slow 0 No LinearRegression
Batch GD Slow No Fast 2 Yes SGDRegressor
Stochastic GD Fast Yes Fast =2 Yes SGDRegressor
Mini-batch D Fast Yes Fast >2 Yes SGDRegressor

There is almost no difference after training: all these algorithms
end up with very similar models and make predictions in exactly
the same way.
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